In a previous paper, there was defined a multi-index filtration on the ring of functions on a hypersurface singularity corresponding to its Newton diagram generalizing (for a curve singularity) the divisorial one. Its Poincaré series was computed for plane curve singularities nondegenerate with respect to their Newton diagrams. Here we use another technique to compute the Poincaré series for plane curve singularities without the assumption that they are non-degenerate with respect to their Newton diagrams. We show that the Poincaré series only depends on the Newton diagram and not on the defining equation.
Introduction
In [2, 3] , there were defined two multi-index filtrations on the ring O C n ,0 of germs of holomorphic functions in n variables associated to a Newton diagram Γ in R n and to a germ of an analytic function f : (C n , 0) → (C, 0) with this Newton diagram. We assumed that the function f was non-degenerate with respect to its Newton diagram Γ. These filtrations are essentially filtrations on the ring O V,0 = O C n ,0 /(f ) of germs of functions on the hypersurface singularity V = {f = 0}. They correspond to the quasihomogeneous valuations on the ring O C n ,0 defined by the facets of the diagram Γ. These facets correspond to some components of the exceptional divisor of a toric resolution of the germ f constructed from the diagram Γ. Such a component defines the corresponding divisorial valuation on the ring O C n ,0 . For n ≥ 3 (and for a Γ-non-degenerate f ) these valuations induce divisorial valuations on the ring O V,0 and define the corresponding multi-index filtration on it. The filtration defined in [2] was regarded as a certain "simplification" of the divisorial one. This appeared not to be the case. For example, a general formula for the Poincaré series of this filtration is not known even for the number of variables n = 2. For Newton diagrams of special type, A. Lemahieu identified this filtration with a so called embedded filtration on O V,0 [7] . In [7] , a formula for the Poincaré series of the embedded filtration for a hypersurface singularity was given. H. Hamm studied the embedded filtration and the corresponding Poincaré series for complete intersection singularities [6] .
In [3] , there was given an "algebraic" definition of the divisorial valuation corresponding to a Newton diagram (for n ≥ 3) somewhat similar to the definition in [2] . Roughly speaking, the difference consists in using the ring
n ] instead of O C n ,0 . For n = 2, this definition does not give, in general, a valuation, but an order function (see the definition below). For a Γ-non-degenerate f ∈ O C 2 ,0 , this order function was described as a "generalized divisorial valuation" defined by the divisorial valuations corresponding to all the points of intersection of the resolution (normalization) V of the curve V with the corresponding component of the exceptional divisor. This permitted to apply the technique elaborated in [1] and to compute the corresponding Poincaré series. (This technique has no analogue which could be applied to degenerate f , or to the case n > 2, or to the filtration defined in [2] .) In this case the Poincaré series depends only on the Newton diagram Γ and does not depend on the function f with Γ f = Γ.
The definitions in [2] and [3] make also sense for functions f degenerate with respect to their Newton diagrams. Here we compute the Poincaré series of the filtration introduced in [3] for n = 2 directly from the definition without the assumption that f is non-degenerate with respect to the Newton diagram. We show that the answer is the same as in [3, Corollary 1] for non-degenerate f . Thus, for n = 2, the Poincaré series of this filtration depends only on the Newton diagram Γ. One can speculate that the same holds for n ≥ 3 and for the Poincaré series of the filtration defined in [2] .
We hope that some elements of the technique used here can be applied to the case n ≥ 3 and/or to the filtration defined in [2] as well.
One motivation to study (multi-variable) Poincaré series of filtrations comes from the fact that they are sometimes related or even coincide with appropriate monodromy zeta functions or with Alexander polynomials (see e.g. [1] ). We show that the obtained formula for the Poincaré series has a relation to the (multi-variable) Alexander polynomial of a collection of functions.
Filtrations associated to Newton diagrams
Let (V, 0) be a germ of a complex analytic variety and let O V,0 be the ring of germs of holomorphic functions on (V, 0).
(It is convenient to assume that the equation (1) defines the subspaces J(υ) ⊂ O V,0 for all υ ∈ Z r .) The Poincaré series P {v i } (t) (t = (t 1 , . . . , t r )) of the filtration (1) can be defined as
r (see e.g. [1] ; it is defined when the dimensions of all the factor spaces J(υ)/J(υ + 1) are finite). In [1] it was explained that the Poincaré series (2) is equal to the integral with respect to the Euler characteristic has to be assumed to be equal to zero.) Let f ∈ O C n ,0 be a function germ with the Newton diagram Γ = Γ f ⊂ R n , V := {f = 0}. Let γ i , i = 1, . . . , r, be (all) the facets of the diagram Γ and let ℓ i (k) = c i be the reduced equation of the hyperplane containing the facet γ i . One has
(It is also equal to u i (g) for any germ g with the Newton diagram Λ.) Let
The following two collections of order functions on O C n ,0 corresponding to the pair (Γ, f ) were defined in [2] and [3] respectively: Assume that the function f is non-degenerate with respect to its Newton diagram Γ and let p : (X, D) → (C n , 0) be a toric resolution of f corresponding to the Newton diagram Γ. The facets γ 1 , . . . , γ r of Γ correspond to some components (say, E 1 , . . . , E r ) of the exceptional divisor D. Let V be the strict transform of the hypersurface singularity V (it is a smooth complex manifold) and let
For n ≥ 3, the set E i is an irreducible component of the exceptional divisor 
The Poincaré series
Let Γ be a Newton diagram in R 2 with the facets (edges) γ 1 , . . . , γ r and let f be a function germ (C 2 , 0) → (C, 0) with the Newton diagram Γ. One can see
≥0 . The Newton diagram Γ i of the germ f i consists of one segment congruent (by a shift; in particular, parallel) to the facet γ i with the vertices on the coordinate lines in R 2 .
Theorem 1 One has
Corollary 1 For the number of variables n = 2 the Poincaré series P {v ′′ i } (t) depends only on the Newton diagram Γ and does not depend on f with Γ f = Γ.
For the proof of Theorem 1 we need some auxiliary statements. We first introduce some notation.
For a Newton diagram Λ in R 2 , let Σ Λ be the corresponding Newton polygon:
Λ be the set of functions g ∈ O C 2 ,0 with the
is the disjoint union of the sets O Λ over all diagrams Λ. According to (3) one has
For g ∈ O Λ , one has v
. We shall first show that the integrals in (7) can be restricted only to functions g ∈ PO Λ with v ′′ (g) = u(Λ). Lemma 1 In the situation described above, there exists an index i (1 ≤ i ≤ r) such that Λ * has an edge δ i parallel to γ i and (strictly) longer than γ i .
Proof. We shall prove that there exists an edge of the diagram Λ * which is (strictly) longer than the edge of Λ parallel to it. This implies that this edge is parallel to a certain edge γ i of the diagram Γ and is longer than it. Since we assumed O Λ being non-empty, all edges of Λ * are parallel to edges of Λ. Let a 0 < a 1 < . . . 
Proposition 2 Suppose that a Newton diagram Λ contains an edge δ not congruent to any edge of Γ, i.e. either not parallel to all the edges γ i , or parallel to one of them, but of another length. Then χ(PO
Proof. Assume first that the edge δ is either not parallel to all the edges γ i , or it is parallel to γ i , but is shorter than γ i . Letq = (q x , q y ) andq Now assume that the edge δ of the diagram Λ is parallel to γ i and is longer than it. Letq = (q x , q y ) andq
) be the vertices of the edge δ (respectively of the edge γ i ) and let Λ ′ be defined as above: x, y) ) and let Proof. For I = ∅, the statement is obvious. Let I = ∅. Let PO Λ i be the set of
Letq i , i = 0, 1, . . . , #I, be the vertices of the diagram Λ. The set PO Λ consists of functions g(x) = akxk with aq i = 0 for i = 0, 1, . . . , #I and ak = 0 fork ∈ Σ Λ . Its Euler characteristic is equal to zero. Assume that 
where the sum runs over all diagrams Λ consisting only of edges congruent to some of the edges γ i of the diagram Λ. Let the edges of Λ be congruent to the edges γ i with i ∈ I = I(Λ). Proposition 3 implies that the summand in (10) corresponding to such a diagram Λ is equal to (−1) #I t u(Λ) . All the diagrams of this sort are obtained from the diagrams Γ I = Γ f I by shifts by non-negative integral vectorsk, i.e. Λ =k + Γ I . One has u(Λ) = ℓ(k) + i∈I M i . Therefore
) .
✷
One can see that the equation (6) gives the Poincaré series P {v ′′ i } (t) as a finite product/ratio of "cyclotomic" binomials of the form (1 − t M ) with M ∈ Z r >0 . This looks similar to the usual A'Campo type expressions for monodromy zeta functions or for Alexander polynomials of algebraic links [4] . Here we shall describe a relation between the Poincaré series (6) and a certain Alexander polynomial.
A notion of the multi-variable Alexander polynomial for a finite collection of germs of functions on (C n , 0) was defined in [8] : see Proposition 2.6.2 therein. (In [8] it is called the (multi-variable) zeta function.) In a somewhat more precise form this definition can be found in [5] . (The definition in [5] gives the one for a collection of functions if one considers the corresponding principal ideals.)
As above, let Γ be a Newton diagram in R 2 with the edges γ 1 , . . . , γ r of integer lengths s 1 , . . . , s r and let p : (X, D) → (C 2 , 0) be a toric modification of (C 2 , 0) corresponding to the diagram Γ. For i = 1, . . . , r, let C i be a germ of a smooth curve on X transversal to the component
be the corresponding knot in the 3 sphere S (1 − t u(x) )(1 − t u(y) ) ,
where s m i = (s 1 m 1i , s 2 m 2i , . . . , s r m ri ). The main result of [1] says that ∆ g (t) = ∆ L (t) coincides with the Poincaré series of the filtration corresponding to the Newton diagram of the function r i=1 g i . Let the reduced Poincaré series of the filtration defined by {v ′′ i } be P {v ′′ i } (t) := P {v ′′ i } (t)/P {u i } (t), P {u i } (t) = 1 (1 − t u(x) )(1 − t u(y) ) being the Poincaré series of the filtration defined by the quasihomogeneous valuations {u i } on O C 2 ,0 . One has
(1 − t s i m i ). (1 − t s m i ).
One can see that a relation between (11) and (12) can be described in the following way. Consider products of r ordered cyclotomic binomials in r variables. Such a product One can see that this involution maps the product (11) for the Poincaré series to the product (12) for the Alexander polynomial.
